ABSTRACT. The main objective of this paper is a study of the general refinement and converse of the multidimensional Hilbert-type inequality in the so-called quotient form. Such extensions are deduced with the help of the sophisticated use of the well-known Hölder's inequality. The obtained results are then applied to homogeneous kernels with the negative degree of homogeneity. Also, we establish the conditions under which the constant factors involved in the established inequalities are the best possible. Finally, we consider some particular settings with homogeneous kernels and weighted functions. In such a way we obtain both refinements and converses of some actual results, known from the literature.
Introduction
Hilbert's inequality is one of the most significant weighted inequalities in mathematical analysis and its applications. Through the years, Hilbert-type inequalities were discussed by numerous authors, who either reproved them using various techniques, or applied and generalized them in many different ways. For more details about Hilbert's inequality the reader is referred to [4] or [7] .
Although classical, Hilbert's inequality is still of interest to numerous mathematicians. Some of the recent results concerning Hilbert's inequality include extension to multidimensional case, equipped with conjugate exponents p i , that is,
1/p i = 1, p i > 1, n ≥ 2 (see papers [1] , [2] , [6] , [8] , [9] ).
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Here we refer to the paper [1] , which provides a unified treatment of the multidimensional Hilbert-type inequality in the setting with conjugate exponents. Suppose (Ω i , Σ i , µ i ) are σ-finite measure spaces and K : φ ij (x j ) = 1, then
where
1/p i (1.2) and
(1.
3)
The abbreviations as in (1.3) will be valid throughout the whole paper. Also note that · p i denotes the usual norm in
The main purpose of this paper is to establish the general refinement and converse of the multidimensional Hilbert-type inequality (1.1). More precisely, such extensions can be established with the help of the refined use of the wellknown Hölder's inequality.
The paper is organized in the following way: After this Introduction, in Section 2 we establish our main results, that is, refinement and converse of the Hilbert-type inequality (1.1) in the so-called quotient form. In other words, we shall find the lower and the upper bound for the quotient between the left-hand side and the right-hand side of inequality (1.1). Further, in Section 3 we apply our main results to homogeneous kernels with the negative degree of homogeneity. Also, the considerable attention is given to the investigation of the best possible constant factors involved in established Hilbert-type inequalities. Finally, in Section 4 we consider our results equipped with some particular kernels and weight functions, and compare our results with the previously known from the literature.
ON A STRENGTHENED MULTIDIMENSIONAL HILBERT-TYPE INEQUALITY
The techniques that will be used in the proofs are mainly based on classical real analysis, especially on Fubini's theorem and Hölder's inequality.
Main results
In this section we establish our main results, that is, refinement and converse of the multidimensional Hilbert-type inequality. More precisely, we shall consider the quotient between the left-hand side and the right-hand side of inequality (1.1). In such a way we shall find the lower and the upper bound for the above mentioned quotient, expressed in terms of similar quotient. The lower bound will establish the converse, while the upper bound will give the refinement of the Hilbert-type inequality (1.1). Such improvements will be referred to as the refinement and converse of the Hilbert-type inequality in the quotient form.
It is well known that the Hilbert-type inequality is derived with the help of Hölder's inequality. Our main results will be derived with the help of the existing Hilbert-type inequality (1.1) and yet another sophisticated use of Hölder's inequality.
We start with the refinement of the Hilbert-type inequality in the quotient form.
P r o o f. The left-hand side of the Hilbert-type inequality (1.1) can be rewritten in the form
where the functions F i : Ω → R are defined by 
Clearly, the above relation is meaningful because if M = p l for some l ∈ {1, 2, . . . , n}, then 1/q l = 0.
Further, the application of Hölder's inequality to the above form of the lefthand side of inequality (1.1) yields inequality
On the other hand, by using the well-known Fubini's theorem we have 4) and the right-hand side of Hilbert-type inequality (1.1) can be rewritten in the form
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Therefore, inequality (2.3) can be expressed in the following form:
that is, q i are also conjugate exponents and Hölder's inequality yields inequality
, which is also valid if M = n. Finally, by substituting the functions F i in the last inequality, we get (2.1) as required.
Remark 1º
Bearing in mind the notations as in the proof of Theorem 2.1, we
n , by Hölder's inequality. Therefore, the quotient on the right-hand side of inequality (2.1) is not greater than 1, which means that (2.1) represents the refinement of inequality (1.1).
In a similar way, we also obtain the lower bound for the quotient between the left-hand side and the right-hand side of inequality (1.1).
where p i > 1 are conjugate exponents and
P r o o f. The starting point in obtaining (2.6) is the relation
where the functions
{p i }, and
If m = p l for some l ∈ {1, 2, . . . , n}, then 1/r l = 0, which means that the above decomposition is meaningful. Now, the application of Hölder's inequality yields relation
On the other hand, regarding relation (2.4), we have
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Now, if we divide inequality (2.7) with the previous relation, we get inequality
that is, r i are conjugate exponents. Hence, yet another application of Hölder's inequality implies that
Therefore, inequality (2.8) yields
Note also that the last inequality also holds for m = n. Finally, by substituting the functions F i , defined by (2.2), in the last inequality, we get (2.6) as required.
Remark 2º
Obviously, inequality (2.6) provides the converse of the Hilbert-type inequality (1.1) in the quotient form.
Homogeneous kernels and the best possible constant factors
In this section we apply our general results to homogeneous functions with the negative degree of homogeneity. Further, regarding the notations from the previous section, we assume that Ω i = R + , equipped with the non-negative Lebesgue measures dµ i (x i ) = dx i , i = 1, 2, . . . , n. In addition, we have Ω = R n + and dx = dx 1 dx 2 . . . dx n .
We introduce the real parameters A ij , i, j = 1, 2, . . . , n, such that A ij , i = 1, 2, . . . , n. Next, we consider the set of power functions φ ij : R + → R defined by
Clearly, the set of the above defined power functions satisfy the condition
A ij = 0. Therefore, the functions φ ij , i, j = 1, 2, . . . , n, satisfy the conditions as in Theorems 2.1 and 2.2.
Recall that the function K : R n + → R is said to be homogeneous of degree −s,
2)
. . du n , and provided that the above integral converges. Note that the constant factor k i (a) does not depend on the component a i . Thus, the component a i can be replaced with an arbitrary real number. This fact will sometimes be used in the sequel, for the reason of simpler notation.
Further, in the described setting we can find the explicit formula for the weight function (1.2) including the constant factor k i (a). More precisely, we use the substitution 
Our next result is a simple consequence of Theorems 2.1 and 2.2 in the described setting with homogeneous kernels. Of course, inequalities (2.1) and (2.6) can be interpreted as the interpolating series of inequalities for the quotient between the left-hand side and the right-hand side of inequality (1.1).
ÓÖÓÐÐ ÖÝ 3.1º Let
p i > 1, i = 1, 2, .
. . , n, be conjugate exponents and let
A ij , i, j = 1, 2, .
. . , n, be the real parameters such that
n i=1 A ij = 0, j = 1, 2, . . . , n. If K : R n + → R
is a non-negative measurable homogeneous function of degree −s, s > 0, and f
i : R + → R, i = 1, 2, . .
. , n, are non-negative measurable functions, then
A ij , i = 1, 2, . . . , n, and k i (·), i = 1, 2, . . . , n, is defined by (3.2). P r o o f. The proof is a direct consequence of Theorems 2.1 and 2.2. Namely, if we substitute the functions φ ij and ω i , i, j = 1, 2, . . . , n, defined respectively by (3.1) and (3.3), in relations (2.1) and (2.6), we get the series of inequalities (3.4) after straightforward computation.
Remark 3º
The left-hand side inequality in (3.4) yields the converse, while the right-hand side inequality provides the refinement of the general Hilbert-type inequality from paper [8] . Moreover, by using the change of variables x i = u i (t i ), where u i : a i , b i → R are strictly increasing differentiable functions satisfying u i (a i ) = 0, u i (b i ) = ∞, the interpolating series (3.4) also yields refinement and converse of the corresponding multidimensional Hilbert-type inequality from paper [9] .
In papers [1] , [2] , [5] , [9] , the authors investigated the conditions under which the constant factors involved in appropriate Hilbert-type inequalities are the best possible in the sense that they can not be replaced with the smaller constants.
In the sequel we consider the problem of the best possible constant factors involved in the interpolating series of inequalities (3.4) . By the similar reasoning as in the above mentioned papers with the same problem area, the best possible constant factors can be obtained if they don't contain conjugate parameters p i in the exponents. For that reason, we assume
If we use the change of variables u 1 = 1/t 2 , u 3 = t 3 /t 2 , u 4 = t 4 /t 2 , . . . , u n = t n /t 2 , which provides the Jacobian of the transformation
we have
According to (3.5), we have
In a similar manner we express k i (p i A i ), i = 3, . . . , n, in terms of k 1 (·). In such a way we see that (3.5) is fulfilled if
The above set of conditions also implies that
Hence, we use abbreviations
(see also paper [9] ). In order to obtain the best possible constant factors, we establish some more specific conditions about the convergence of the integral k 1 (a), a = (a 1 , a 2 , . . .  . . . , a n ), defined by (3.2) . More precisely, we assume that k 1 (a) < ∞ for a 2 , . . . , a n > −1, n i=2 a i < s − n + 1, and n ∈ N. Hence, in the described setting, the interpolating series of inequalities (3.4) can be rewritten as
where m = min
In the sequel, we show that the constant factors involved in the series of inequalities (3.7) are the best possible under certain assumptions on the homogeneous kernel.
Ì ÓÖ Ñ 3.1º Let K : R n + → R be a non-negative measurable homogeneous function of degree −s, s > 0, such that for every i = 2, 3, . . . , n, 
holds for all non-negative measurable functions f i : R + → R, provided that all the integrals in the inequality converge. For this purpose, let's substitute the functions Since x
while the right-hand side becomes
Obviously, by using the variable changes u i = x i /x 1 , i = 2, . . . , n, and the homogeneity of the kernel K, the left-hand side I can be rewritten as
ON A STRENGTHENED MULTIDIMENSIONAL HILBERT-TYPE INEQUALITY
providing the inequality
Without loss of generality, it is enough to find the upper bound for the integral
and consequently
Thus, by using (3.11), we have
On the other hand, by using the fact that
be bounded from above in the following way:
Here, 1 denotes the constant n-tuple (1, 1, . . . , 1). Finally, relations (3.12) and (3.13) yield inequality
( A) ≤ α, which is obviously opposite to our assumption.
It remains to prove that k 1−n/m 1 ( A) is the best possible constant factor in the left-hand side inequality in (3.7). Suppose, on the contrary, that there exist a constant β > k 1−n/m 1 ( A), such that the inequality
holds for all non-negative measurable functions f i : R + → R, provided that all the integrals in the inequality converge. For the above choice of functions f i defined by (3.10), the left-hand side of inequality (3.14) becomes I as before, while the right-hand side, denoted here by I m , can be rewritten as
where m = min A typical example of a homogeneous kernel with the negative degree of homogeneity is the function K : R n + → R, defined by
Clearly, K is a homogeneous function of degree −s and the constant (3.2) can be expressed in terms of the usual Gamma function Γ. For that reason, we use the well-known formula
which holds for a i > 0, i = 1, 2, . . . n (see, e.g. [2] ). In such a way, the constant
. . , n, involved in the series of inequalities (3.4) become
It is easy to see that the kernel (4.3) satisfies the relation (3.8). Hence, according to Theorem 3.1, the interpolating series of inequalities (3.4), equipped with the kernel (4.3) and the parameters A ij satisfying conditions (3.6), contains the best possible constant factors.
Remark 4º
If K : R n + → R is defined by (4.3), then, regarding (4.4), we easily compute the constant factor k 1 ((s − n)1/p) included in the interpolating series of inequalities in (4.2). Namely, we have
provided that s > n − m. This constant factor appears in paper [2] as the best possible in the Hilbert-type inequality determined with the middle quotient in the interpolating series (4.2). Hence, relations as in (4.2) represent the refinement and converse of the corresponding Hilbert-type inequality from paper [2] .
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Second example
We conclude this paper with yet another interesting example. Suppose A i , i = 1, 2, . . . , n, are the real parameters satisfying relations (n − s − 1)/p i−1 < A i < 1/p i−1 , provided that s > n − 2. Of course, we use convention p 0 = p n . Now, we define parameters A ij , i, j = 1, 2, . . . , n, by
o t h e r w i s e , (4.5) where the indices are taken modulo n from the set {1, 2, . . . , n}. Now, if the kernel K : R n + → R is defined by (4.3), then the series of inequalities (3.4) becomes
, (4.6) where the constant factors R m , R, and R M are given by
